ABSTRACT. The aim of this note is a proof of a recent conjecture of Kellner concerning the number of distinct prime factors of a particular product of primes. The proof uses profound results from analytic number theory, such as Granville-Ramaré's estimate of an exponential sum over primes.
INTRODUCTION AND MAIN RESULT
Let n ∈ Z 1 . In a recent paper [4] , Kellner studies the product
where s p (n) stands for the sum of the digits in the base-p expansion of n. Recall that, from Legendre's formula, s p (n) = n − (p − 1)v p (n!). As it is shown in [4, 5] , the values of this product are closely related to the denominators of the Bernoulli polynomials. In [4] , the author proves that ω p + n < n and ω p − n π n where
and points out that the trivial bound ω p − n π n is sharp. On the other hand, the first bound concerning the number of distinct prime factors of p + n , coming from the identity (see [4, Theorem 4 
does not seem to be the best one and, on the basis of extended computations, the author surmises that there exists κ > 1 such that, for n → ∞
In this note, we provide a proof of Conjecture (C) which is a consequence of the more precise following result.
Theorem 1. For any integer n
where the function δ is given in (3) below and
is the exponential integral.
we deduce immediately the following estimate.
Corollary 2. For any integer n ∈ Z 1 sufficiently large and any N
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NOTATION.
n ∈ Z 1 is a large integer, say n 10 20 , and p always denotes a prime number. For any x ∈ R, e(x) := 
Proof. Interchanging the order of summation, we get
Writing each m ∈ x, x + y as m = ab with (a,
and hence
as asserted.
Corollary 4. α ∈ n −7/16 , 1 . Then
Proof. Since the function p −→
Consequently, the sum of the left-hand side does not exceed
and the proof is achieved with the use of Lemma 3 with x = n, y = α n, z = α −1 n and ε = 1 16 .
Lemma 5. Let M ∈ Z 1 and f : [M, 2M] −→ R be any map. For any H
Proof. Proof. See [3, Theorem 9] with k = 2.
Lemma 7. For any real number t
Proof. By partial summation and the Prime Number Theorem, for instance in the form given in [2] 
and integrating by parts
4. PROOF OF THEOREM 1
so that we get from (2) ω p
Split the sum into two subsums as
4.2. The sum S 2 . We use Corollary 4 with α = δ n giving immediately (4) S 2 ≪ n δ n .
4.3.
The sum S 1 . First write
say.
The main term. From Lemma 7
n<p n(δ( n))
imply that 
